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4.3 Lévy Processes . . . . . . . . . . . . . . . . . . . . . 303

5 Supplementary Exercises . . . . . . . . . . . . . . . . . . . . 307
6 Notes on Chapter 8 . . . . . . . . . . . . . . . . . . . . . . . 311

9 Generation of Markov Processes 313
1 Generation . . . . . . . . . . . . . . . . . . . . . . . . . . . 313

1.1 Existence . . . . . . . . . . . . . . . . . . . . . . . . 314
1.2 The Hille–Yosida Theorem . . . . . . . . . . . . . . 315
1.3 The Martingale Problem . . . . . . . . . . . . . . . . 317

2 Explicit Computations . . . . . . . . . . . . . . . . . . . . . 320
2.1 Brownian Motion . . . . . . . . . . . . . . . . . . . . 320
2.2 Isotropic Stable Processes . . . . . . . . . . . . . . . 322
2.3 The Poisson Process . . . . . . . . . . . . . . . . . . 325
2.4 The Linear Uniform Motion . . . . . . . . . . . . . . 326



xii Contents

3 The Feynman–Kac Formula . . . . . . . . . . . . . . . . . . 326
3.1 The Feynman–Kac Semigroup . . . . . . . . . . . . . 326
3.2 The Doob–Meyer Decomposition . . . . . . . . . . . 328

4 Exit Times and Brownian Motion . . . . . . . . . . . . . . . 329
4.1 Dimension One . . . . . . . . . . . . . . . . . . . . . 330
4.2 Some Fundamental Local Martingales . . . . . . . . 331
4.3 The Distribution of Exit Times . . . . . . . . . . . . 335

5 Supplementary Exercises . . . . . . . . . . . . . . . . . . . . 339
6 Notes on Chapter 9 . . . . . . . . . . . . . . . . . . . . . . . 340

10 Probabilistic Potential Theory 343
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General Notation

While it is generally the case that the notation special to each chapter is
independent of that in the remainder of the book, there is much that is
common to the entire book. These items are listed below.

Euclidean Spaces, Integers, etc.
The collection of all real (nonnegative real) numbers is denoted by R (R+),
positive (nonnegative) integers by N (N0 and/or Z+). Finally, the rationals
(nonnegative rationals) are written as Q (Q+). The latter spaces are en-
dowed with their standard Borel topologies and Borel σ-fields which will
also be referred to as Borel fields. Recall that the Borel field on a topolog-
ical space X is the σ-field generated by all open subsets of X; that is, the
smallest σ-field that contains all open subsets of X.

The sequence space �p is the usual one: For any p > 0, �p designates the
collection of all sequences a = (ak; k ≥ 1) such that

∑
k |ak|p < ∞.

As usual, �∞ stands for all bounded sequences. When ∞ > p ≥ 1,
these �p spaces can be normed by ‖a‖�p = {∑

k |ak|p}1/p. Using these
norms in turn, we can norm the Euclidean space Rk in various ways.
Throughout, we will use the following two norms: (a) the �∞ norm, which
is |x| = max1≤j≤k |x(j)|, for x ∈ Rk; and (b) the �2 norm, which is
‖x‖ = {∑k

j=1 |x(j)|2} 1
2 .
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Product Spaces
Throughout, the “dimension” numbers d and N are reserved for the spatial
and temporal dimension, respectively.

Given any two sets F and T , the set FT is defined as the collection of all
functions f : T �→ F . When F is a topological space, FT is often endowed
with the product topology; cf. Appendix D. If m ∈ N, Fm is the usual
product space

Fm =

m times︷ ︸︸ ︷
F × · · · × F .

This, too, is often endowed with the product topology if and when F is
topological.

Throughout, the ith coordinate of any point s ∈ Rm is written as s(i). We
need the following special order structure on the Rm: Whenever s, t ∈ Rm,
we write s� t (s ≺ t) when for i = 1, . . . , m, s(i) ≤ t(i) (s(i) < t(i)).
Occasionally, we may write this as t � s (or t 	 s). Whenever s, t ∈ Rm, s�t
designates the point whose ith coordinate is s(i) ∧ t(i) for all i = 1, . . . , m.

If s� t, then [s, t] =
∏m

j=1[s
(j), t(j)]. We will refer to [s, t] as a rectangle

(or an m-dimensional rectangle). When this rectangle is of the form [s, s +
(r, . . . , r)] for some r ∈ R1

+ and s ∈ Rm, then it is a (hyper)cube. If
s ≺ t, one can similarly define ]s, t[, [s, t[, and ]s, t[. For instance, ]s, t] =∏m

j=1]s
(j), t(j)]. All subsets of Rm automatically inherit the order structure

of Rm. This way, s� t makes the same sense in Nk as it does in Rk, for
instance.

Probability and Measure Theory
Unless it is stated to the contrary, the underlying probability space is nearly
always denoted by (Ω,G, P), where Ω is the so-called sample space, G is a
σ-field of subsets of Ω, and P is a probability measure on G. Unless it
is specifically stated otherwise, the corresponding expectation operator is
always denoted by E.

While intersections of σ-fields are themselves σ-fields, their unions are
not always. Thus, when F1 and F2 are two σ-fields, we write F1 ∨ F2 to
mean the smallest σ-field that contains F1 ∪ F2. More generally, for any
index set A, we write ∨α∈AFα for the smallest σ-field that contains all of
the σ-fields (Fα; α ∈ A).

An important function is the indicator function (called the characteristic
function in the analysis literature): In any space for any set A in that space,
1lA denotes the function x �→ 1lA(x) that is defined by 1lA(x) = 1 if x ∈ A
and 1lA(x) = 0 if x ∈ A. In particular, if A is an event in the probability
space, 1lA is the indicator function of the event A.
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Throughout, “a.s.” is treated synonymously to “almost surely,” “P-
almost everywhere,” “almost sure,” or “P-almost sure,” depending on which
is more applicable.

Both “iid” and “i.i.d.” stand for “independent, identically distributed.”
When µ is a (nonnegative) measure on a measure space (Ω,F), Lp(µ)

denotes the collection of all real-valued, p-times µ-integrable functions on
Ω. In particular, we use this notation quite often when µ is a probability
measure P. In this case, we can interpret Lp(P) as the collection of all
random variables whose absolute value has p finite moments. (You should
recall that Lp spaces are in fact spaces of equivalence relations, where we say
that f and g are equivalent when they are equivalent µ-almost everywhere.)

A special case is made for the Lp spaces with respect to Lebesgue’s
measure (on Euclidean spaces): When E ⊂ Rk is Borel (or more generally,
Lebesgue) measurable, Lp(E) (or sometimes LpE) denotes the collection
of all p-times continuously differentiable functions that map E into R. For
instance, we write Lp[0, 1] and/or Lp([0, 1]) for the collection of (equivalence
classes of) all p-times integrable functions on [0, 1].

Depending on the point that is being made, a stochastic process (Xt : t ∈
T ) (where T is some indexing set) is identified with the “randomly chosen
function” t �→ Xt.

Throughout, Leb denotes Lebesgue’s measure regardless of the dimension
of the underlying Euclidean space.




